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NEW ESTIMATES FOR EXPONENTIAL SUMS OVER
MULTIPLICATIVE SUBGROUPS AND INTERVALS IN
PRIME FIELDS
DANIEL DI BENEDETTO, MOUBARIZ Z. GARAEV, VICTOR C. GARCIA,
DIEGO GONZALEZ-SANCHEZ, IGOR E. SHPARLINSKI,
AND CARLOS A. TRUJILLO
Abstract. Let H be a multiplicative subgroup of F∗p of order
H > p1/4. We show that
max
(a,p)=1
∣∣∣∣∣
∑
x∈H
ep(ax)
∣∣∣∣∣ ≤ H1−31/2880+o(1),
where ep(z) = exp(2piiz/p), which improves a result of Bourgain
and Garaev (2009). We also obtain new estimates for double ex-
ponential sums with product nx with x ∈ H and n ∈ N for a short
interval N of consecutive integers.
1. Introduction
Let p be a large prime number and Fp be the prime field of order
p. We always assume that the elements of Fp are represented by the
set {0, 1, . . . , p− 1}. Let H be a multiplicative subgroup of F∗p of order
H = |H|.
We also denote
ep(z) = exp(2piiz/p).
The problem of obtaining nontrivial upper bounds for the exponen-
tial sum
(1.1) Sa(H) =
∑
x∈H
ep(ax)
is a classical problem with a variety of results and applications in num-
ber theory. The classical result of Gauss implies that if H = (p− 1)/2,
then |Sa(H)| = p1/2. From the work of Hardy and Littlewood on the
Waring problem it is known that |S| < p1/2, which is non-trivial when
H > p1/2. The problem of obtaining nontrivial bounds forH < p1/2 has
been a subject of much research, see [4,7,8,13]. Using the sum-product
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estimate and other tools from additive combinatorics Bourgain, Konya-
gin and Glibichuk [4] proved that if H > pε, then
|Sa(H)| ≤ Hp−δ,
where δ > 0 depends only on ε. Prior to their work, this estimate had
been only known under the assumption H > p1/4+ε due to Konyagin.
In the limiting case H ∼ p1/4 Bourgain and Garaev [3] obtained the
following explicit bound:
(1.2) max
(a,p)=1
|Sa(H)| ≤ H1−175/9437184+o(1).
The argument of [3] is based on explicit trilinear exponential sum esti-
mates obtained in the same paper, and also on a bound of Konyagin [8]
on the number Tm(H) of solutions of the congruence
(1.3) h1+ · · ·+ hm ≡ hm+1 + · · ·+ h2m (mod p), h1, . . . , h2m ∈ H.
Since the work [3] there have been significant developments on sum-
product problems which have lead to new trilinear sum estimates of
Macourt [9] and Petridis and Shparlinski [11]. Moreover, new bounds
for Tm(H) have been obtained by Murphy, Rudnev, Shkredov and
Shteinikov [10, Theorem 3 and Corollary 7] for the cases m = 2 and
m = 3, and by Shkredov [12] for the case m ≥ 4. In the present paper,
combining these estimates with the argument from [3], we improve the
estimate (1.2), replacing
175/9437184 = 1.854 . . .× 10−5 with 31/2880 = 1.076 . . .× 10−2.
Next, we consider the double sum involving intervals and subgroups.
Let
N = {L+ 1, . . . , L+N}
be an interval of consecutive N integers with |N | = N ≤ p. For
gcd(a, p) = 1, we denote
(1.4) Sa(N ,H) =
∑
n∈N
∣∣∣∣∣
∑
x∈H
ep(anx)
∣∣∣∣∣ .
This sum is a special case of a more general family of exponential
sums considered by Bourgain [2], and more recently by Garaev [6] and
Shparlinski and Yau [14]. In the present paper we obtain new estimates
for Sa(N ,H).
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2. Notation
In what follows, we use the notation A . B to mean that |A| <
Bpo(1), or equivalently, for any ε > 0 there is a constant c(ε), which
depends only on ε, such that |A| ≤ c(ε)Bpε. We also recall that the
standard notations A = O(B), A≪ B and B ≫ A are each equivalent
to the statement that the inequality |A| ≤ cB holds with a constant
c > 0 which is absolute throughout this paper.
3. Our results
We start with a bound on the sums Sa(H) over small subgroups
given by (1.1).
Theorem 3.1. Let H be a multiplicative subgroup of F∗p of order H
with p1/2 > H > p1/4. Then
max
(a,p)=1
|Sa(H)| . H2689/2880p1/72.
In particular, when H > p1/4, Theorem 3.1 gives
max
(a,p)=1
|Sa(H)| . H1−31/2880.
Next we consider the sums Sa(N ,H) over small subgroups given
by (1.4). It is convenient to define
Γ(N ,H) = 1 + H
N
+
NH
p
+
H3/4
p1/4
.
It is useful to observe that for H . N . p1/3 we have Γ(N ,H) . 1.
Theorem 3.2. Let H be a multiplicative subgroup of F∗p of order H <
p1/2 and and let N be an interval of consecutive N integers. Then
Sa(N ,H) . NH ×min{∆1/41 ,∆1/62 },
where
∆1 =
p
NH2+11/20
Γ(N ,H) and ∆2 = p
NH3
Γ(N ,H).
In particular, if N,H = p1/3+o(1), then we get the bound
Sa(N ,H) . N2−1/6.
This improves the result of [6, Theorem 1] in the case of subgroups.
Note that Theorem 3.2 is based on results of [10, Theorem 3 and
Corollary 7] and is trivial when NH3 < p. By using a result of [12]
in the proof instead, one can improve this range. However, proceeding
as in the proof of Theorem 3.1, we also obtain the following stronger
result.
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Theorem 3.3. Let H be a multiplicative subgroup of F∗p of order H <
p1/2 and let N be an interval of consecutive N integers which avoids 0
modulo p. Then
Sa(N ,H) . NH∆1/24
where
∆ =
p
NH3+31/40
Γ(N ,H).
We note that in the case when N = H , Theorem 3.3 together with
Theorem 3.2, gives an improvement to the bound resulting from a direct
application of Theorem 3.1 in the full range for which Theorem 3.1 is
nontrivial. In particular, if N,H = p1/4+o(1) we obtain
Sa(N ,H) . N2−31/960,
and observe that
31/960 = 3.229 . . .× 10−2 > 31/2880 = 1.076 . . .× 10−2.
Furthermore, it is easy to see that for H ∼ p1/4 Theorem 3.3 im-
proves the bound NH1−31/2880 which follows directly from Theorem 3.1
provided that N ≥ p89/480+ε for some fixed ε > 0.
4. Tools
We need the following trilinear exponential sum bound, which is due
to Petridis and Shparlinski [11, Theorem 1.1].
Lemma 4.1. For any sets X ,Y ,Z ⊆ F∗p and any complex numbers
αx, βy, γz with |αx| ≤ 1, |βy| ≤ 1, |γz| ≤ 1 we have∑
x∈X
∑
y∈Y
∑
z∈Z
αxβyγz ep(axyz)≪ p1/4|X |3/4|Y|3/4|Z|7/8.
We recall that H is a multiplicative subgroup of F∗p with H = |H|
elements, and Tm(H) the number of solutions of the congruence (1.3).
The following two results are due to Murphy, Rudnev, Shkredov and
Shteinikov [10, Theorem 3 and Corollary 7].
Lemma 4.2. Let H <
√
p. Then
T2(H)≪ H49/20 log1/5H.
Lemma 4.3. Let H <
√
p. Then
T3(H)≪ H4 logH.
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Let now J(N ,H) be the number of solutions of the equation
n1h1 ≡ n2h2 (mod p), n1, n2 ∈ N , h1, h2 ∈ H.
We also need the result from [6, Corollary 1] which is based on the
work of Cilleruelo and Garaev [5].
Lemma 4.4. The following bound holds:
J(N ,H) . H2 +NH + N
2H2
p
+
NH7/4
p1/4
.
We remark that when N starts from the origin (that is, if L =
0 in the definition of N ), the first term H2 on the right hand side
can be removed. It is also to be mentioned that a result similar to
Lemma 4.4 has been obtained by Banks and Shparlinski [1] for arbitrary
sets instead of H.
5. Proof of Theorem 3.1
Fix an element a ∈ F∗p and let
∆ =
1
H
∣∣∣∣∣
∑
x∈H
ep(ax)
∣∣∣∣∣ .
Hence we now have to prove an upper bound on ∆. We can assume
that
(5.1) ∆ > H−37/960
which the largest saving we have in the bound of Theorem 3.1 when H
is approaching p1/2.
Clearly, since H is a multiplicative subgroup, for any y ∈ H we have
Sa(H)3 =
∑
x1,x2,x3∈H
ep (a(x1 + x2 + x3))
=
∑
x1,x2,x3∈H
ep(a(x1 + x2 + x3)y).
Hence
HSa(H)3 =
∑
y∈H
∑
x1,x2,x3∈H
ep (a(x1 + x2 + x3)y) .
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Recalling that |Sa(H)| = H∆ and changing the order of summation,
we obtain
H4∆3 =
∣∣∣∣∣
∑
x1,x2,x3∈H
∑
y∈H
ep (a(x1 + x2 + x3)y)
∣∣∣∣∣
≤
∑
x1,x2,x3∈H
∣∣∣∣∣
∑
y∈H
ep (a(x1 + x2 + x3)y)
∣∣∣∣∣ .
(5.2)
Let F∗ be the set of triples (x1, x2, x3) ∈ H3 with∣∣∣∣∣
∑
y∈H
ep (a(x1 + x2 + x3)y)
∣∣∣∣∣ ≥
1
2
H∆3.
Discarding the contribution to the right hand side of (5.2) (not exceed-
ing 0.5H4∆3) from the triples (x1, x2, x3) /∈ F∗, we have
(5.3)
∑
(x1,x2,x3)∈F∗
∣∣∣∣∣
∑
y∈H
ep (a(x1 + x2 + x3)y)
∣∣∣∣∣ ≥
1
2
H4∆3.
Let Fi be the set of triples (x1, x2, x3) ∈ F∗ with
H2−i−1 <
∣∣∣∣∣
∑
y∈H
ep (a(x1 + x2 + x3)y)
∣∣∣∣∣ ≤ H2−i, i = 0, 1, . . . .
Clearly, the sets Fi are non-empty for O(logH) values of i. Thus,
we see from (5.3) that there exists i0 = O(logH) with
H2−i0|Fi0| ≥
∑
(x1,x2,x3)∈Fi0
∣∣∣∣∣
∑
y∈H
ep (a(x1 + x2 + x3)y)
∣∣∣∣∣
≫ 1
log p
∑
x1,x2,x3∈H
∣∣∣∣∣
∑
y∈H
ep (a(x1 + x2 + x3)y)
∣∣∣∣∣
≥ 1
log p
H4∆3.
Setting G1 = Fi0 , we see that we can find a set G1 ⊆ H3 and a number
∆1, with
(5.4) |G1| & H
3∆3
∆1
and ∆3 . ∆1 < 1,
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such that for any (x1, x2, x3) ∈ G1 we have
(5.5)
∣∣∣∣∣
∑
y∈H
ep(a(x1 + x2 + x3)y)
∣∣∣∣∣≫ H∆1.
Let X = {x1 + x2 + x3 : (x1, x2, x3) ∈ G1} \ {0}. To estimate the
cardinality |X | we denote by J(x) the number of representations of
x ∈ X ∪ {0} as x = x1 + x2 + x3, (x1, x2, x3) ∈ G1. Clearly∑
x∈X∪{0}
J(x) = |G1| and
∑
x∈X∪{0}
J(x)2 ≤ T3(H).
Applying the Cauchy–Schwarz inequality, we see that by Lemma 4.3
and the bound (5.4) we have
|X ∪ {0}| ≥ |G1|
2
T3(H) & H
2∆6/∆21.
Recalling our assumption (5.1) we see that if p is large enough then
(5.6) |X | & H2∆6/∆21,
and summing (5.5) over x ∈ X we obtain
∑
x∈X
∣∣∣∣∣
∑
y∈H
ep(axy)
∣∣∣∣∣ ≥ H|X |∆1.
Applying the Ho¨lder inequality gives
∑
x∈X
∣∣∣∣∣
∑
y1,y2,y3∈H
ep (ax(y1 + y2 + y3))
∣∣∣∣∣ ≥
(H|X |∆1)3
|X |2
= H3|X |∆31.
(5.7)
Since H is a multiplicative subgroup, for any z ∈ H we have∑
y1,y2,y3∈H
ep (ax(y1 + y2 + y3)) =
∑
y1,y2,y3∈H
ep (ax(y1 + y2 + y3)z) .
Therefore, we derive from (5.7) that
H4|X |∆31 =
∑
x∈X
∣∣∣∣∣
∑
y1,y2,y3∈H
∑
z∈H
ep (ax(y1 + y2 + y3)z)
∣∣∣∣∣
≤
∑
x∈X
∑
y1,y2,y3∈H
∣∣∣∣∣
∑
z∈H
ep (ax(y1 + y2 + y3)z)
∣∣∣∣∣ .
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We now repeat the previous dyadic argument with respect to triples
(y1, y2, y3) ∈ H3, and see that we can again find a set G2 ⊆ H3 and a
number ∆2, with
(5.8) |G2| & H
3∆31
∆2
and ∆31 . ∆2 ≤ 1
such that for any (y1, y2, y3) ∈ G2 we have
(5.9)
∑
x∈X
∣∣∣∣∣
∑
z∈H
ep(ax(y1 + y2 + y3)z)
∣∣∣∣∣ ≥ H|X |∆2.
Let Y = {y1 + y2 + y3 : (y1, y2, y3) ∈ G2} \ {0}. Similarly to (5.6),
by Lemma 4.3 and the bound (5.8), we have
(5.10) |Y| & H2∆61/∆22,
and summing (5.9) over y ∈ Y we obtain
∑
y∈Y
∑
x∈X
∣∣∣∣∣
∑
z∈H
ep(axyz)
∣∣∣∣∣ ≥ H|X ||Y|∆2.
Applying the Cauchy–Schwarz inequality, we get
∑
z1,z2∈H
∣∣∣∣∣
∑
x∈X
∑
y∈Y
ep(axy(z1 − z2))
∣∣∣∣∣ ≥ H2|X ||Y|∆22.
Again from the previous dyadic argument however with respect to
pairs (z1, z2) ∈ H2, we see that we can find a set G3 ⊆ H2 and a number
∆3 with
(5.11) |G3| & H
2∆22
∆3
and ∆22 . ∆3 ≤ 1
such that for any (z1, z2) ∈ G3 we have
(5.12)
∣∣∣∣∣
∑
x∈X
∑
y∈Y
ep(axy(z1 − z2))
∣∣∣∣∣ ≥ |X ||Y|∆3.
Let Z = {z1− z2 : (z1, z2) ∈ G3}\{0}. Similarly to (5.6) and (5.10),
by Lemma 4.2 and the bound (5.11), we have
(5.13) |Z| & H31/20∆42/∆23,
and summing (5.12) over z ∈ Z we obtain
∑
z∈Z
∣∣∣∣∣
∑
x∈X
∑
y∈Y
ep(axyz)
∣∣∣∣∣ ≥ |X ||Y||Z|∆3.
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Comparing this with Lemma 4.1 implies that
|X ||Y||Z|1/2∆43 ≪ p.
Finally, by applying the estimates (5.6), (5.10) and (5.13) we conclude
that
(5.14) p &
H2∆6
∆21
· H
2∆61
∆22
· H
31/40∆22
∆3
∆43 = H
191/40∆6∆41∆
3
3.
Since by (5.4), (5.8) and (5.4) we have
∆6∆41∆
3
3 & ∆
6(∆3)4
(
∆22
)3
= ∆18∆62
& ∆18
(
∆31
)6
= ∆18∆181
& ∆18
(
∆3
)18
= ∆72
together with (5.14), we obtain
∆ . p1/72H−191/2880
and conclude the proof.
6. Proof of Theorem 3.2
We use the abbreviation S = Sa(N ,H). Since H is a subgroup of
F
∗
p, for every u ∈ H we have that
S =
∑
n∈N
∣∣∣∣∣
∑
h∈H
ep(anhu)
∣∣∣∣∣ .
Summing over u ∈ H we get
S =
1
H
∑
n∈N
∑
h∈H
∣∣∣∣∣
∑
u∈H
ep(anhu)
∣∣∣∣∣ .
Let m ≥ 2 be an integer constant. Applying the Ho¨lder inequality, we
obtain
Sm ≤ N
m−1
H
∑
n∈N
∑
h∈H
∣∣∣∣∣
∑
u∈H
ep(anhu)
∣∣∣∣∣
m
.
Denote by R(λ) be the umber of solutions of the congruence
nh ≡ λ (mod p), n ∈ N , h ∈ H.
It follows that
Sm ≤ N
m−1
H
p−1∑
λ=0
R(λ)
∣∣∣∣∣
∑
u∈H
ep(aλu)
∣∣∣∣∣
m
.
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Squaring out and applying the Cauchy–Schwarz inequality, we obtain
that
S2m ≤ N
2m−2
H2
p−1∑
λ=0
R2(λ)
p−1∑
µ=0
∣∣∣∣∣
∑
u∈H
ep(aµu)
∣∣∣∣∣
2m
.
Clearly,
p−1∑
λ=0
R2(λ) = J(N ,H) and
p−1∑
µ=0
∣∣∣∣∣
∑
u∈H
ep(aµu)
∣∣∣∣∣
2m
= p Tm(H).
Hence, applying Lemma 4.4, we get that
S2m .
N2m−2
H2
(
NH +H2 +
N2H2
p
+
NH7/4
p1/4
)
p Tm(H).
Therefore,
S . NH∆1/2m,
where
∆ =
p Tm(H)
NH2m+1
Γ(N ,H).
Consequently taking m = 2, 3 and applying Lemmas 4.2 and 4.3, we
obtain the desired result.
7. Proof of Theorem 3.3
As mentioned, we will follow the strategy of the proof of Theorem 3.1.
Set
∆ =
1
NH
∑
n∈N
∣∣∣∣∣
∑
h∈H
ep(anh)
∣∣∣∣∣ .
Besides, we suppose that ∆ > H−37/320 (otherwise the result is trivial).
Since H is a subgroup, for any u, v ∈ H we have
NH∆ =
∑
n∈N
∣∣∣∣∣
∑
h∈H
ep(anhuv)
∣∣∣∣∣ ,
and the sum does not depend on u or v. Then
H3N∆ =
∑
u∈H
∑
v∈H
∑
n∈N
∣∣∣∣∣
∑
h∈H
ep(anhuv)
∣∣∣∣∣
≤
∑
n∈N
∑
h∈H
∣∣∣∣∣
∑
u∈H
∑
v∈H
ep(anhuv)
∣∣∣∣∣ .
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There is a subset G1 ⊆ N ×H and ∆1 > 0, with
|G1| & NH ∆
∆1
and ∆ . ∆1 < 1,
such that for any (n, h) ∈ G1 we have
(7.1)
∣∣∣∣∣
∑
u∈H
∑
v∈H
ep(anhuv)
∣∣∣∣∣ ≥ H2∆1.
Define X = {nh : (n, h) ∈ G1} and note that by the hypothesis on N ,
it cannot contain 0. By Lemma 4.4,
(7.2) |X | ≥ |G1|
2
J(N ,H) &
NH
Γ(N ,H)
∆2
∆21
.
Then, for each x ∈ X satisfying (7.1), we get
H6∆31 ≤
∣∣∣∣∣
∑
u∈H
∑
v∈H
ep(axuv)
∣∣∣∣∣
3
≤ H2
∑
u∈H
∣∣∣∣∣
∑
v∈H
ep(axuv)
∣∣∣∣∣
3
≤ H2
∑
u∈H
θ3
∑
v1,v2,v3∈H
ep(axu(v1 + v2 + v3))
≤ H2
∑
v1,v2,v3∈H
∣∣∣∣∣
∑
u∈H
ep(axu(v1 + v2 + v3))
∣∣∣∣∣ ,
where |θ| = 1, and does not depend on u. Hence, we find a subset
G2 ⊆ H3 and ∆2 > 0, with
|G2| & H3∆
3
1
∆2
and ∆31 . ∆2 < 1,
such that for any (v1, v2, v3) ∈ G2 we have
(7.3)
∣∣∣∣∣
∑
u∈H
ep(axu(v1 + v2 + v3))
∣∣∣∣∣ ≥ H∆2.
Let Y = {v1+v2+v3 : (v1, v2, v3) ∈ G2}\{0}, and applying Lemma 4.3
we have
|Y ∪ {0}| ≥ |G2|
2
T3(H) & H
2∆
6
1
∆22
.
Recalling the assumption ∆ > H−37/320, we note that if p is large
enough then
(7.4) |Y| & H2∆
6
1
∆22
.
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Given x ∈ X and y ∈ Y , then squaring out (7.3) we get
H2∆22 ≤
∣∣∣∣∣
∑
u∈H
ep(axyu)
∣∣∣∣∣
2
=
∑
u1,u2∈H
ep(axy(u1 − u2)).
Summing over x ∈ X and y ∈ Y it follows that
H2|X ||Y|∆22 ≤
∑
x∈X
∑
y∈Y
∑
u1,u2∈H
ep(axy(u1 − u2))
≤
∑
u1,u2∈H
∣∣∣∣∣
∑
x∈X
∑
y∈Y
ep(axy(u1 − u2))
∣∣∣∣∣ .
Now again, we find a subset G3 ⊆ H2 and ∆3 > 0, with
|G3| & H2∆
2
2
∆3
and ∆22 . ∆3 < 1,
such that for any (u1, u2) ∈ G3 we have
(7.5)
∣∣∣∣∣
∑
x∈X
∑
y∈Y
ep(axy(u1 − u2))
∣∣∣∣∣ ≥ |X ||Y|∆3.
Let Z = {u1 − u2 : (u1, u2) ∈ G3} \ {0}, and applying Lemma 4.2 we
have
|Z ∪ {0}| ≥ |G3|
2
T2(H) & H
31/20∆
4
2
∆23
.
By an argument analogous to previous ones, we claim that if p is large
enough then
(7.6) |Z| & H31/20∆
4
2
∆23
.
Therefore, summing (7.5) over z ∈ Z, we obtain
|X ||Y||Z|∆3 ≤
∑
z∈Z
∣∣∣∣∣
∑
x∈X
∑
y∈Y
ep(axyz)
∣∣∣∣∣ .
Comparing this with Lemma 4.1, we get
|X |2|Y|2|Z|∆83 ≪ p2.
Now, by the estimates (7.2), (7.4), (7.6) and the relations ∆1 & ∆,
∆2 & ∆
3
1, ∆3 & ∆
2
2, it follows that
p2 ≫ ∆83|X |2|Y|2|Z| &
N2H6+31/20
Γ2(N ,H) ∆
4∆81∆
6
3 &
N2H6+31/20
Γ2(N ,H) ∆
48,
which concludes the proof.
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